We consider the free boundary motion of two perfect incompressible fluids with different densities ρ + and ρ − , separated by a surface of discontinuity along which the pressure experiences a jump proportional to the mean curvature by a factor ε 2 . Assuming the Raileigh-Taylor sign condition, and ρ − ≤ ε 3/2 , we prove energy estimates uniform in ρ − and ε. As a consequence, we obtain convergence of solutions of the interface problem to solutions of the free boundary Euler equations in vacuum without surface tension as ε, ρ − → 0.
Introduction

Description of the problem
We consider the interface problem between two incompressible and inviscid fluids that occupy domains Ω + t and Ω − t in R n (n ≥ 2) at time t. We assume Ω + 0 is compact and R n = Ω + t ∪Ω − t ∪S t where S t := ∂Ω ± t . We let v ± , p ± and ρ ± > 0 denote respectively the velocity, the pressure and the constant density of the fluid occupying the region Ω ± t . We assume the presence of surface tension on the interface, which is argued on physical basis to be proportional to the mean curvature κ + of the hypersurface S t .
The equations of motion are given by a
with corresponding boundary conditions for the interface evolution and pressure's jump given a Here we are introducing the notation f = f+χ Ω by    ∂ t + v ± · ∇ is tangent to {(t, x) | x ∈ S t } p + (t, x) − p − (t, x) = ε 2 κ + (t, x) , x ∈ S t .
(BC)
We are interested in analyzing the asymptotic behaviour of solutions of the above equations when ε, ρ − → 0. Our result, based on the previous works of Shatah and Zeng [16, 17, 18] , is convergence to the solution (v ∞ , ∂Ω ∞ t ) of the system
with corresponding boundary conditions
(BC 0 )
Equations (E 0 )-(BC 0 ) typically model the free boundary motion of a drop of perfect incompressible fluid in vacuum (one-phase problem). The system (E)-(BC) models instead the motion of two perfect fluids with different densities separated by an interface moving with the normal components of the velocities of the two fluids (two-phase problem). When considering the onephase problem one can think of a fluid with very small density ρ − (air, for instance) replacing vacuum. In this case, (E 0 )-(BC 0 ) can still be considered as an idealized model but, even when ρ − is very small compared to ρ + , the two-phase system provides a more accurate description of the motion. Similarly, for ρ − ≪ ρ + and ε ≪ 1, (E)-(BC) represent a more accurate model for the problem of one fluid surrounded by air in the presence of small, but not negligible, surface tension effects holding the fluid together.
Due to their physical and mathematical interest, freeboundary problems for Euler equations have been extensively studied in recent years. Following the breakthrough of Wu in [20, 21] , where local well-posedness for arbitrary data in Sobolev spaces was proved in 2 and 3 dimensions for the irrotational gravity water wave problem, a vast body of literature has been produced. Many works have dealt with the water wave problem with or without surface tension and with or without vorticity, see [14, 9, 10, 16, 18] and references therein.
A natural question related to the well-posedness of this set of problems is the one concerning the relation between their solutions in regimes which are a perturbation of one another. For the one-phase problem (E 0 ) with vanishing surface tension -i.e. where the boundary condition for the pressure (BC 0 ) is replaced by p ∞ = εκ ∞ -it was proved in [2] , for the irrotational 2-d case, and in [16] , for the general case, that solutions to this problem converge to solution of (E 0 )-(BC 0 ) as ε → 0. Recently, Cheng, Coutand and Shkoller [8] and the author [15] proved that solutions of (E)-(BC) with ε = 1 converge to solutions of the one-phase problem with surface tension as ρ − → 0.
In absence of surface tension, i.e. ε = 0 in (BC), the two-phase problem (E)-(BC) for the free boundary motion of two fluids is ill-posed due to the Kelvin-Helmotz instability [12] . In [5] it is shown how, indeed, the surface tension regularizes the linearized problem. For the irrotational problem with surface tension, Ambrose [1] and Ambrose and Masmoudi [3] proved well-posedness respectively in 2 and 3 dimensions. Cheng, Coutand and Shkoller [7] proved well-posedness for the full 3-d problem with rotation. Well-posedness is also obtained (in any dimension) by Shatah and Zeng [18] .
We recall that the free boundary problem for Euler equations in vacuum (E 0 )-(BC 0 ) is also known to be ill-posed [11] due to Rayleigh-Taylor instability, which occurs if one does not assume the sign condition
The result we are presenting here is largely based on the geometric intuition and techniques introduced in [16] and further developed in [17, 18] . Our paper is organized as follows. The geometric approach of [16, 17] is presented in section 1.2 and an explanation of the geometric intuition behind the Kelvin-Helmotz and Raileigh-Taylor instabilities is given in 1.2.3. In section 2 we define the energy for the problem and state theorems on energy estimates which are independent of ε and ρ − . As a corollary, we state the result about convergence of solutions of (E)-(BC) to solutions of (E 0 )-(BC 0 ). Section 3 is dedicated to the proofs of the statements. In 3.1 we first collect some preliminary estimates and then derive an evolution equation for the mean-curvature κ + (lemma 3.3), upon which our energy is based. In 3.2 we prove that our energy controls in a suitable fashion the Sobolev norms of the velocity fields and the meancurvature of the free surface. In 3.3 we study the time-evolution of the energy, where an extra higher order energy term (due to the Kelvin-Helmotz instability) will appear. Assuming some smallness condition on ρ − as a function of ε, the extra energy term is controlled in 3.3.3, therefore concluding the proof of energy estimate. In the appendix we gathered some technical material contained in [16, 17] used in our proofs.
The geometric approach to Euler equations
It is well-known that the interface problem between two fluids has a variational formulation on a subspace of volume-preserving homeomorphisms. For the water wave problem, this was observed for the first time by Arnold in his seminal paper [4] , where he pointed out that Euler equations for the motion of an inviscid incompressible fluid can be viewed as the geodesic flow on the infinite-dimensional manifold of volume-preserving diffeomorphisms. This point of view has been adopted by several authors in works such as [6, 13, 19] , and more recently by Shatah and Zeng in [16, 17, 18 ].
Lagrangian formulation
We first recall that (E)-(BC) has a conserved energy b
b Notice that the conserved energy does not control the L 2 norm of v− in the asymptotic regime ρ− → 0.
For y ∈ Ω ± 0 we define u ± (t, y) to be the Lagrangian coordinate map associated to the velocity field v ± , i.e the solution of the ODE
Also, for any vector field w on R n S t we define its material derivative by
In [17, sec. 2] the authors derive from (E)-(BC) an equation for the physical pressure:
where Π ± denotes the second fundamental form of the hypersurface S t (with respect to the outward unit normal vector N ± relative to the domain Ω ± t ) and N is given by 4) with N ± denoting the Dirichlet-to-Neumann operator on the domain Ω ± t . From (1.2) we see that in Lagrangian coordinates Euler equations assume the form
with p determined by (1.3). Since v is divergence free, u ± are volume-preserving maps on Ω ± 0 . Moreover, u + (t, S 0 ) = u − (t, S 0 ) even if the restriction of u + and u − to S 0 do not coincide in general. This leads to the definition of the space Γ of admissible Lagrangian maps for the interface problem:
Denoting S(Φ) = Φ(S 0 ) dS, we can rewrite the energy (1.1) in Lagrangian coordinates as
where (u, u t ) is in the tangent bundle of Γ andρ := ρ • u. The conservation of the above energy suggests that (E)-(BC) has a Lagrangian action
(1.7)
The geometry of Γ
In order to derive the Euler-Lagrange equations associated to the action I, we consider Γ as a submanifold of L 2 (ρdy) and identify its tangent and normal spaces. It is easy to see that the tangent space of Γ at the point Φ is given by divergence-free vector fields with matching normal components in Eulerian coordinates c
while the normal space is
A critical path u(t, ·) of I satisfiesD
where S ′ (u) denotes the tangential gradient of S(u) andD t is the covariant derivative on Γ along u(t). In order to verify that the Lagrangian map associated to a solution of (E)-(BC) is indeed a critical path of (1.7) one needs to compute S ′ andD t . Let
where II u(t) (w,v) ∈ (T u(t) Γ) ⊥ denotes the second fundamental form on T u(t) Γ. From (1.8)
there exists a unique scalar function p v,v defined on R n S t such that
In [17] it is shown that p v,v is given by
Hence, in Eulerian coordinates we can write
(1.13)
Observe that p ⋆ v,v coincides with p ∞ in equation (E 0 )-(BC 0 ). To compute S ′ (u) one observes that for anyw ∈ T u Γ the formula for the variation of surface area gives
Then it is not hard to verify that the unique representation in Eulerian coordinates of S ′ (u) as a functional acting on T u Γ is 14) where H ± denotes the harmonic extension in the domain Ω ± t . From (1.3), (1.11) and (1.14) one obtains the identity p = ρ(p v,v + ε 2 p κ ), and we see from (1.12) and (1.14) that a solution of (1.9) equivalently satisfies 15) which is exactly (1.5) in Eulerian coordinates.
Linearized equation and instability for water waves problems
The Lagrangian formulation discussed above provides a convenient setting to study the linearization of the problem. Considering variations around the solution u t of (1.9) and taking a covariant derivative with respect to the variation parameter, one obtains the following lineariza- 16) whereR denotes the curvature tensor of the manifold Γ andD 2 S(u) is the projection on T u Γ of the second variation of the surface area. Both of these linear operators acting on T u Γ play a central role in the understanding of the problem and in the derivation of high-order energies based upon their leading order terms. In [16] a general formula forD 2 S(u) is derived. For the interface problem its leading order termĀ is given in Eulerian coordinates by [17, pp.
857-858]
It is easy to see thatĀ is a third-order d self-adjoint and positive semi-definite operator with
d Assuming St is smooth enough.
Further computations [17, pp 859 -860] show that the leading-order termR 0 (u)(v) of the unbounded sectional curvature operatorR(u)(v, ·)v is given in Eulerian coordinates by
Noticing thatR 0 (u) is a second-order negative semi-definite differential operator, we immediately see that the linearized Euler equations would be ill-posed for ε = 0. This is the so-called Kelvin-Helmotz instability for the two fluids interface problem, occuring in the absence of surface tension. We mention that the same geometric setting described above has been initially developped by Shatah and Zeng in [16] , where they treated the problem of a priori energy estimated for Euler equations in vacuum. In [16, sec 2.2] the authors showed that the differential operators involved in the linearization (1.16) satisfȳ
Since also in this caseĀ ⋆ (u) is generated by the presence of surface-tension, we see that (1.16) is ill-posed for ε = 0 if one does not assume the sign condition (RT). This is the so called Raileigh-Taylor instability for the water wave problem.
Theorems on Energy Estimates
Following [16, 17] we define a set of neighbouring hypersurfaces of the initial hypersurface S 0 .
We now define the energy for (E)-(BC).
Definition 2.2. Let k be any integer such that
3k > n 2 + 2. Consider domains Ω ± t ⊂ R n with Ω + t compact and interface S t = ∂Ω ± t ∈ Λ 0 . Let v(t, ·) ∈ H 3k (R n S t ) be any divergence-free vector field with v ⊥ + + v ⊥ − = 0. Let ω ± denote the curl of v ± , that is ω j i = ∂ i v j − ∂ j v i ,
and defineN
We define our energy by
where
The following proposition establishes bounds of relevant Sobolev norms of the velocity fields and mean-curvature in terms of the energy. 
Using the above proposition we will prove Theorem 2.4 (Energy Estimates). Let 3k > n 2 + 2 and initial data e S 0 ∈ H 3k and v 0 ∈ H 3k (Ω 0 ) be given. Denote by
the corresponding solution of (E)-(BC). Then, there exists L > 0 and a time t ⋆ > 0, depending only on |v(0, ·)| H 3k (R n St) , Λ 0 and L, such that S t ∈ Λ 0 and |κ|
Moreover, assuming the Raileigh-Taylor sign condition (RT) and 
where P is a polynomial with positive coefficients determined only by the set Λ 0 , and the constant C 1 depends only on Λ 0 and the
In particular, there exists a small time T ∞ > 0 and a constant C 0 , depending only on the initial data and the set Λ 0 , such that sup
Before turning to the proofs of the above statements we make the following remarks:
1. In the same spirit of [16, 17] the construction of the energy (2.2) is based on an evolution equation for D t + κ + ; see (3.9).
2. Proposition 2.3 is the analogous of proposition 4.3 in [16] (one fluid problem with vanishing surface tension) and proposition 4.3 in [17] (interface problem). Since our energy is based exclusively on v + , and we cannot take full advantage of the presence of surface tension -its highest Sobolev norm being not uniformly controlled -we can only establish the weighted weaker control (2.9) on v − . Under condition (2.10) this turns out to be still sufficient to obtain uniform energy estimates.
Convergence of solutions.
An immediate corollary of the uniform energy estimates provided by theorem 2.4 is weak-star convergence of solutions of (E)-(BC) with outer density and surface tension tending to zero, to solutions of the water wave problem for one fluid in vacuum without surface tension (E 0 )-(BC 0 ). Weak convergence in a larger Sobolev space can also be obtained easily in Lagrangian coordinate, writing the integral equation for (E)-(BC) and passing to the limit using standard Rellich compactness.
5.
The case ε = 1. In the case of constant surface tension's strength we recover the result obtained in [8] and independently by the author in [15] .
6. Using the non-linear Eulerian framework introduced in [16, 17] it is not hard to obtain compactness in time for solutions of (E)-(BC) and therefore strong convergence to solutions of (E 0 )-(BC 0 ). A more precise statement is the following:
Corollary 2.5 (Convergence of solutions). . Let an initial hypersurface S 0 ∈ H 3k and an initial velocity field v 0 ∈ H 3k (Ω 0 ) be given for some integer k with 3k > n 2 + 2. 
Consider any sequence of local-in-time solutions
S m t ∈ C([0, T ]; H 3k ) , v m ∈ C([0, T ]; H 3k (Ω m t )) (2.13)
of (E)-(BC) corresponding to densities
3 Proofs of the statements
Preliminary Estimates
Let us denote by Q any generic polynomial with positive coefficients (depending on the set Λ 0 ), independent of ρ − and ε, whose arguments are quantities that will be bounded by the energy through proposition 2.3, i.e.,
From (A.17), trace estimates, and interpolation of Sobolev norms, the following quantities can also be bounded by Q:
. Lemma 3.1 (Estimates for the pressure). Let p κ be defined by (1.14). There exists a positive constant C, depending only on the set of hypersurfaces Λ 0 , such that
Let p ⋆ v,v and p v,v be defined respectively by (1.13) and (1.11). Then
and, as a consequence,
Proof. 
This proves (3.5). Using the identity f ± = ∆ −1 
The proof of this lemma is based on the decomposition of the Laplacian on
. Details can be found in [16, [721] [722] . The following lemma is the key to our energy estimates and is the analogous for the two-phase problem of lemma 3.4 in [16] .
Lemma 3.3. Let S t ∈ H 3k , with S t ∈ Λ 0 , and v ∈ H 3k (R n S t ) be a solution to (E)-(BC), then
Proof. Using (A.19) together with (A.18), (A.21) and commutator estimate (A.12) we get
f An estimate we use several times throughout our proofs is
for s2 ≥ s1, s2 > (n − 1)/2, and s1 + s2 ≥ 0.
, and N + · ∇p + κ =N κ + , we can write
Using (A.17), (3.3) , and the identity
From (3.8), we also see that assuming ρ − ≤ ε gives
Combining these estimates with the above chain of identities, lemma 3.2, and (A.7), gives (3.9)
Proof of proposition 2.3
• Proof of (2.6) -The estimates on the mean-curvature κ + follow easily from the definition of E 2 and E RT , respectively in (2.4) and (2.5), and the properties ofN in lemma A.2.
• Proof of (2.7) -To estimate v + we use the fact g that for ∂Ω ∈ Λ 0 and 1/2 < s ≤ 3k
(3.10) where the constant C only depends on Λ 0 . Since v + is divergence-free, and the vorticity ω + is included in the energies, we only need to control the boundary value of v + . From the definition of E 1 in (2.3), and the properties ofN , it is clear that for some parameter β > 0. Choosing β small enough, and controlling |v + | L 2 by E 0 , gives (2.7).
From (A.19) we have
• Proof of (2.9) -This estimate is proved in four steps. 1) Estimates on the Lagrangian coordinate map. Let u ± denote the solution of (1.2). Using product Sobolev estimates it is not hard to see that
where C 1 > 0 only depends on n and k. Next, we let µ be a sufficiently large constant compared to the initial data, and define
Since v is assumed to be continuous in time with values in H 3k , t 0 > 0. An ODE argument based on Gronwall's inequality shows that there exists a positive time t 1 and a constant C 2 , only depending on k, n,µ and Λ 0 , such that
for any t ∈ [0, t ⋆ ], where t ⋆ := min{t 0 , t 1 , 1/(2C 2 )} depends only on Λ 0 and the initial data. This in particular shows that u ± is a diffeomorphism, so that u −1 ± (t, ·) is a well-defined volume preserving map for x ∈ Ω ± t , and for the same range of times we have
2) Decomposition of vector fields and control of |v − | L 2 . The well-know Hodge decomposition of vector fields allows one to decompose any arbitrary vector field w, defined on a domain Ω ⊂ R n , in two components, a divergence-free component and a gradient part. More precisely we can write w = v + ∇g, where div v = 0 = v ⊥ , and g satisfies the Neumann boundary problem
We denote by w ir := ∇g the so-called irrotational part of w and define the projection P r on the rotational part by w r := P r (w) := w − w ir . This splitting is orthogonal on L 2 and P r (w) is a gradient-free projection h . If we consider the divergence-free velocity field v − , the above decomposition reduces to
h More details on this decomposition and related estimates are given in [18, Appendix] .
In [18] it is observed that the invariance of Euler equations under the action of the group of volume preserving diffeomorphisms leads, via Noether's theorem, to a family of conserved quantities which determine completely the rotational part of the velocities i :
where P r (S t , w) denotes the projection of w : R n S t → R n onto its rotational (gradient-free) part. Applying the above identity to v − , using standard estimates for the elliptic Neumannproblem, v ⊥ − = −v ⊥ + , and (3.13), we can estimate
with C depending only on the initial data.
3) Control of |v − | H 3k−1 . For this purpose we want to apply the following variant of (3.10):
for 1/2 < s ≤ 3k. To control the vorticity term curl v − , we use (3.14) and the fact that pull-backs commute with exterior derivatives to get
Then, (3.13) implies
for some constant C depending only on the initial data. Using the above inequality with s = 3k − 2, and (3.16) together with v ⊥ − = −v ⊥ + , we have
i For completeness we provide here the proof. Consider F = (Du) ⋆ (v • u), the pullback of v by the map u.
Taking a time derivative, using Euler equations ∂t(v • u) = −∇p • u and (1.2) we get
for some f , and therefore proves (3.15).
with C depending only on Λ 0 and the initial data. 4) Weighted control of |v − | H 3k . We want to use (3.10) with s = 3k. Notice that the vorticity term ε|ω − |
is already included in the energy (2.2), and that |v − | L 2 (Ω − t ) has been estimated in the previous paragraph. Therefore, in order to conclude the proof of (2.9), we just need to control the boundary value of v − . Since v ⊥ − = −v ⊥ + , we have
, having used (A.17). Finally, interpolating κ + between H 3k− 5 2 and H 3k−1 , and using (2.6), we have
which combined with the previous estimate gives
This concludes the proof of (2.9)
Proof of Theorem 2.4 3.3.1 Estimate on |κ|
The estimate on the Lagrangian coordinate map in (3.12) implies in particular the estimate on the mean-curvature 18) where the constant C is only determined by µ (see (3.11) ) and the set j Λ 0 . We conclude that there exists a time t 2 , determined again only by µ and the set Λ 0 , such that
j This can be checked using the local coordinates constructed in [16, appendix A].
Evolution of the Energy
The following proposition shows how the time evolution of E can be bounded by a polynomial Q(E) up to the time derivative of an extra energy term due to the Kelvin-Helmotz instability.
Proposition 3.4. Assuming ρ − ≤ ε 3/2 , there exists a polynomial Q, as in (3.1), with positive coefficients depending on the set Λ 0 and independent of ρ − and ε, such that
where the extra energy term E ex is given by
Proof. Combining (A.20) with the divergence decomposition formula
we see that
2 , we can bound
Therefore, D t ± dS will not complicate the estimates. We now proceed to analyze the time evolution of each one of the terms in the energy (2.2) keeping track only of terms which cannot be bounded by Q.
• Evolution of E RT : We want to show
Then, we see from the definition of E RT in (2.5), and commutator estimates (A.12) and (A. 13) ,
This already gives (3.21) in the case k = 1. For k ≥ 2, we use lemma A.4 to commute the multiplication operator by ∇ N + p ⋆ v,v withN and ∆ St , and finally obtain (3.21).
• Evolution of E 2 : From the definition of E 2 in (2.4), and commutator estimates (A.12) and (A.13), it follows
• Evolution of the vorticity ω = Dv − (Dv) ⋆ : Commuting D t ± and D we get the identity
Then, repeated commutations and product Sobolev estimates show that, for any integer 0 ≤ s ≤ 3k,
In the case of ω + , we use the above inequality with s = 3k − 1 to get
In the case of ω − , we use again (3.24), (2.8), (2.9), and (3.17) together with Sobolev's embedding, to obtain
• Evolution of E 1 : From the definition of E 1 in (2.3), commutator estimates (A.12) and (A.13) we have
Using (3.9) we get
Summing the above inequality to (3.21), (3.22), (3.25), and (3.26), we see that
We now define
and focus on estimating this term. Equation (1.11) gives
Using (A.5) we see that the last two terms above are lower order:
From (A.6) and (A.17) we obtain
Therefore, if we define
we have K − K
Estimate of K
± : To deal with the tangential derivative ∇ v ⊤ ± consider flows Φ ± (τ, ·) on Ω + t generated by H + v ⊤ ± and apply (A.12) to commute k D τ and ∆ St obtaining:
From (A.19) we have
By the same previous commutation trick applied to the tangential derivatives, and the fact that N and −∆ St are self-adjoint, we have
We can integrate by parts the tangential derivatives in the last integral obtaining
Therefore,
Integrating by parts and applying the usual commutation trick we can conclude
We can handle similarly K
− integrating again by parts, commuting the tangential derivatives, and pulling out D t + :
Notice that the integrals in (3.30) and (3.31) constitute part of E
ex . The remaining contribution is going to come from the terms in (3.28) 
The usual integration by parts and commutation give
Gathering (3.30), (3.31), (3.32) and (3.33) we have
The above estimate and (3.29) prove (3.19) 2
The Energy Inequality
To conclude the proof of theorem (2.4) we need to control the extra energy term E ex . Integrating in time (3.19) gives
2 , we can estimate the extra energy term (3.20) by
where C depends only on the set Λ 0 . Interpolating κ + between H 3k− 5 2 and H 3k−1 , and using (2.6), (2.7), and (2.9), we get
where the constant C 1 , which includes |κ + |
, depends ultimately only on the initial data and Λ 0 . Then, we see that if ρ − = o(ε 4/3 ), as it is guaranteed by (2.10),
In view of estimate (3.7) on D t v, we can use the Lagrangian coordinate map to get
where C 2 is determined by E 0 , the set Λ 0 , and |v(0, ·)| H 3k−2 (R n S 0 ) . Inserting this last inequality in (3.34) we finally obtain (2.11). Therefore, the energy is uniformly bounded by some constant depending only on Λ 0 and the initial data; choosing µ in (3.11) large enough compared to the initial data concludes the proof of theorem 2.4
Proof of corollary 2.5
The proof of strong convergence of solutions requires only some standard compactness arguments that we are going sketch in what follows. Let us consider any sequence of solutions of (E)-(BC) as in corollary 2.5 dropping the indices m for convenience. Let us also denote by
Observe that the uniform bound (2.12) guarantees, through proposition 2.3, that
for some constant C 0 depending only the initial data and the set Λ 0 , as in theorem 2.3. From now on we denote by C 0 any such generic constant. Since we want to prove convergence in Lagrangian coordinates, the first step is to use (3.12) and the uniform bounds on v + to obtain 
Using again Ascoli-Arzelá and interpolation of Sobolev norms, this implies the existence of a field 
The regularity of the boundary S ∞ t := ∂Ω ∞ t follows again from the same arguments since
Finally, again from (1.3), (A.5), and (3.35), it is easy verify that
so that the boundary condition (BC 0 ) for the pressure is also satisfied 
for any S ∈ Λ 0 . In particular, if N andN are the operators defined respectively in (1.4) and (2.1) then for the same C as above
Moreover 
∀ 1/2 < s ≤ 3k (A.10) 
